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We investigate numerically Fano resonances excited in periodic arrays of dielectric, metallic and
left-handed cylinders. Of particular interest are Fano resonances excited in the linear array of cylin-
ders. We analyze spatial distribution and symmetry of electromagnetic field and discuss the relation
between observed Fano resonances and frequency spectra of two-dimensional arrays of cylinders.
PACS numbers:
I. INTRODUCTION
Fano resonance [1] originates from the interference of
an incident wave with excited eigenmode of the system.
When electromagnetic (EM) wave propagates through
photonic structure, Fano resonance manifests oneself as
a resonance of scattering parameters (transmission or re-
flection coefficient) when the frequency of incident wave
coincides with the resonant frequency of a leaky mode of
the structure [2–4]. Although Fano resonances excited in
a linear array of dielectric cylinders has been observed
numerically already in 1979 [5], their systematic stud-
ies is rather new [6–9]. It has been observed that Fano
resonances could strongly influence the EM response of
the photonic system and the transmission of EM wave
through the system. Even more, by proper design of the
photonic system enables us to chose the position of Fano
resonances which opens a possibility to construct a new
class of dielectric metamaterials [10].
Recently, [11] we have observed that frequency of Fano
resonances excited in the linear array of dielectric cylin-
ders coincides with position of flat frequency bands found
in the spectrum of corresponding two-dimensional pho-
tonic crystals. Physically this coincidence means that,
besides Bragg frequency bands which originate from the
spatial periodicity of the permittivity [12], the spectrum
of photonic crystal contains also another frequency bands
in which the propagation of electromagnetic (EM) field
is conveyed by subsequent excitation of Fano resonances,
from one linear chain to the neighboring one. We call
these bands Fano bands. The presence of Fano bands
in the spectrum is well-known [12, 13], but their physi-
cal origin has not been completely discussed. In metallic
photonic structures Fano resonances are associated with
surface waves excited at the interface between metal-
lic cylinder and dielectric embedding media. Their ex-
citation is responsible for rather complicated frequency
spectrum of two dimensional array of metallic rods [14–
16]. Of special interest are cylinders made form left-
handed material [17] which combines both properties of
dielectrics (they are transparent) and feasibility to excite
surface waves [18].
In this paper we present typical examples of Fano res-
onances excited in a systems composed from dielectric,
metallic and left-handed cylinders. Numerical method
is described in Sect. II. In Sect. III we presents Fano
resonances excited in three photonic structures: isolated
cylinder, linear array of cylinders and, finally, the pho-
tonic slab consisting from a finite number of rows of cylin-
ders made from dielectric, metallic and left-handed ma-
terial. Conclusion is given in Sect. IV.
II. MODEL AND NUMERICAL METHOD
We are interested in photonic structures which consist
from homogeneous cylinders made from material with
permittivity ε and permeability µ embedded in vacuum.
Cylinders are parallel with z axis and arranged in pe-
riodic array in the xy plane with spatial period a. We
study a single cylinder, a linear array of cylinders (infinite
in the x direction) and the system consisting of N = 24
chains arranged in planes y = nya, ny = 0, 1, . . . , N − 1
(Fig. 1). Radius of cylinders is R. We calculate scatter-
ing parameters (transmission and reflection coefficients)
of incident plane wave propagating in the xy plane with
wavelength λ and dimensionless frequency f = a/λ. The
direction of propagation with respect to the y axis is de-
fined by the incident angle θ which is zero when the EM
wave propagates in the y direction. Similarly to other
methods [19, 20] we expand the EM field inside the struc-
ture into the series of cylinder eigenfunctions. For in-
stance, for the Ez polarized wave, the electric field can
be express in terms of cylinder functions [21, 22]: inside
the cylinder centered in nx = ny = 0 (r ≤ R)
Einz = α
+
0 J˜0 + 2
∑
k>0
α+k J˜k cos(kφ) + 2i
∑
k>0
α−k J˜k sin(kφ)
(1)
ny= 0
y
x
z
1
φ
N-1
(a) (b)
a
FIG. 1: Schematic description of the photonic structures stud-
ied in this paper; (a) linear array of cylinders, infinite along
the x axis with periodicity a. (b) Photonic slab composed
from N arrays of cylinders. Incident plane wave propagates
along the y direction.
ar
X
iv
:1
60
8.
07
71
6v
1 
 [p
hy
sic
s.o
pti
cs
]  
27
 A
ug
 20
16
2and outside this cylinder (r ≥ R)
Eoutz = β
+
0 H˜0+2
∑
k>0
β+k H˜k cos(kφ)+2i
∑
k>0
β−k H˜k sin(kφ)
(2)
with
J˜k(r) = Jk(2pirn/λ) and H˜k(r) =
Hk(2pir/λ)
H ′k(2piR/λ)
. (3)
Here Jk(r) are Bessel functions and Hk(r) are Hankel
functions of the first kind [23]. Note that Hankel func-
tions are normalized by a factor H ′k(2piR/λ) in order to
eliminate numerical instabilities caused by very large val-
ues of Hankel functions of small arguments. The angle
φ is defined in Fig. 1. The EM field in the vacuum has
a wavelength λ = 2pi/ω and n =
√
µ is the refractive
index of material of cylinder.
The field Ez scattered by other cylinders centered at
~r = (nxa, nya) can be expressed in the form of Eqs.
(1) and (2) with a new set of coefficients α(nx, ny) and
β(nx, ny) and cylindrical coordinates r and φ correspond-
ing to the position of each cylinder.
Two components of magentic fields, Hr and Hφ, will
be calculated from Maxwell’s equations:
Hr = − i
ωµr
∂Ez
∂φ
, Hφ =
i
ωµ
∂Ez
∂r
. (4)
Requirements of continuity of tangential components of
electric and magnetic fields at the interfaces of each cylin-
der give us a system of linear equations for coefficients
α and β. This system can be considerably simplified in
three steps: First, we can express all fields associated
with various cylinders in terms of variables r and φ as-
sociated with the cylinder located at the point x = 0,
y = 0. This can be done with the use of the transforma-
tion formula for cylinder functions [23]
Cm(w)e
±imχ =
+∞∑
k=−∞
Cm+k(u)Jk(v)e
±ikα (5)
for Cm = Hm and its derivative (See Fig. 2 for definition
used symbols). Second, since the structure is periodic in
the x direction we use the Bloch theorem
α(nx, ny) = α(0, ny)e
ikxanx , (6)
β(nx, ny) = β(0, ny)e
ikxanx , (7)
to reduce considerably the number of unknown param-
eters. Third, coefficients α could be easily expressed as
u
w
v χα
FIG. 2: Parameters used in equations (5).
a linear combination of coefficients β. Finally, if NB is
the highest order of the Bessel function used in Eqs. (1)
and (2), we end up with N × (2NB + 1) linear equa-
tions for unknown coefficients β±k (ny) (k = 0, 1, . . . NB ,
ny = 0, 1, . . . N − 1)
Cβ = f. (8)
The vector f the right hand side of Eq. (8) defines an
incident EM wave.
In numerical simulations, we use typically NB = 12.
Then, in the case of linear array of cylinders, the program
solves for each frequency the system of 2NB + 1 = 25
linear equations. For the photonic slab composed from
N = 24 chains, the number of equations increases to 600.
The central point of the algorithm is the calculation of
elements of the matrix C in Eq. 8. This task requires
summation of contributions of field scattered on all cylin-
ders in the structure. Explicit form of matrix C is given
elsewhere [17]. We consider Nx ∼ 104 cylinders along the
x axis.
The transmission coefficient can be calculated as a ra-
tio T = S/Si of Poynting vectors calculated on the oppo-
site side of the structure to the incident Poynting vector
Si.
For a given frequency f , we obtain all coefficients
β(0, ny). Assuming that
β(0, ny) = β(0, 0)e
iqany (9)
we find the wave vector q of the EM wave propagating
through the structure and, consequently, calculate the
band spectrum of the two-dimensional array of cylinders
[11, 16].
III. FANO RESONANCES IN VARIOUS
PHOTONIC STRUCTURES
Numerical algorithm described in Section II can be
used for the calculation of the frequency dependence of
the transmission and reflection coefficient of any peri-
odic structure composed from parallel cylinders. For the
systems of N = 24 rows of cylinders, considered in this
paper, we expect that, owing to spatial periodicity, the
frequency dependence of transmission coefficient would
exhibit a series of Bragg transmission bands separated
by gaps [12, 13]. This idyllic picture is disturbed by ex-
citation of Fano resonances [3, 11]. While the eigenfre-
quency of Fano resonance is determined by the material
parameters and shape of individual cylinder, the posi-
tion of Bragg band is given by the spatial periodicity
of the structure. Two bands of different origin – Bragg
and Fano – can therefore overlap. Interference of two
bands strongly influences resulting frequency bands ob-
served in the spectrum. For instance, we will see below
that Fano resonance can split an original Bragg band into
two separated bands. For the qualitative understanding
of frequency spectra and identification of the origin of
3individual frequency bands is useful to calculate the fre-
quency dependence of all parameters α and β defined in
Eqs. (1,2) and determine the order n of Fano resonances
from their resonant behavior.
We identify resonances excited in three photonic struc-
tures. We start with isolated cylinder [21, 22, 24]. The
second structure of interest is a linear chain of cylinders.
We show that each resonance excited in the cylinder is
splitted into two resonances – even and odd – when inci-
dent wave scatters on an infinite array of cylinders. The
third structure consists from N = 24 linear rows of cylin-
ders. If resonances observed in the linear chain, do not
couple with Bragg transmission bands, they develop into
separated transmission bands. Typically, these bands are
very narrow (their width is determined by the overlap of
fields excited at neighboring cylinders).
A. Dielectric cylinders with high permittivity
Periodic array of dielectric rods have been analyzed in
[10]. In our work [11] we studied the formation of Fano
bands and interaction between Bragg and Fano bands.
in the array of dielectric cylinders of radius R = 0.4a
and permittivity ε = 12 and found five Fano bands in
the frequency interval f = a/λ < 1. The number of res-
onances increases when either cylinder radius [11] or the
permittivity increases. While the increase of the radius
is limited by the spatial period of the structure, the per-
mittivity can possess, at least in theoretical model, rather
high values. In this paper, we study dielectric cylinders
of radius R = 0.4a and permittivity ε = 80. Incident EM
wave is polarized with Ez parallel to cylinders. Results
are summarized in Figs. 3 and 4.
Left Fig. 3 shows the spectrum of resonances excited
on an isolated cylinder. A series of resonances for each
coefficient αn corresponds to oscillation of Bessel function
Jn inside the cylinder [22]. Right Fig. 3 shows how Fano
resonances influence the transmission coefficient of plane
wave propagating through linear chain of dielectric rods.
For the sake of simplicity, the incident angle θ = 0 so that
only even resonances are excited [25]. Besides Fabry-
Perot oscillations of transmission coefficient we identify
irregularities in transmission when frequency of incident
wave coincides with the eigenmode of the structure [3].
To demonstrate the creation of Fano transmission bands,
we add in panel (d) also the transmission coefficient for
the finite photonic slab.
Spatial distribution of electric field for a few selected
resonances is shown in Fig 4. The order n of reso-
nance is clearly visible, and can be confirmed by the fre-
quency dependence of coefficients α+2k and α
−
2k−1 (not
shown). Since EM wave propagates along the y axis
(from the left to the right), all excited resonances are
even (Ez(−x) = Ez(x)). Frequency f = 0.28025 corre-
sponds to the first resonance of the 4th order. At fre-
quency f = 0.3075875 the second resonance of α+2 is
excited. Two resonances of the 5th order, excited at fre-
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FIG. 3: Left figure: Resonances of coefficients αn, n =
1− 5 excited on isolated dielectric cylinder with permittivity
ε = 80 and radius R = 0.4a. EM wave is Ez-polarized. Right
figure: (a) Transmission of Ez-polarized plane wave through a
linear chain of dielectric cylinders. Panels (b-c) show detailed
frequency dependencies in three intervals. Panel (d) shows
also the transmission coefficient for an array of N = 24 rows in
two resonant frequency regions (shaded line). Incident angle
θ = 0 so that only even resonances are excited [25].
FIG. 4: Electric intensity Ez inside the cylinder for four se-
lected resonant frequencies a/λ = 0.28025, 0.307875, 0.33542
and 0.7815 in linear cylinder chain. Note that incident plane
EM wave propagates along the y direction.
quencies f = 0.33542 and 0.7815, correspond to the 1st
and the 4th resonance of α−5 , respectively. (Note that
in accordance with notation used in Eq. (1), resonances
of α+2k and α
−
2k−1 are even, while resonances of α
−
2k and
α+2k−1 are odd with Ez(−x) = −Ez(x).)
B. Thin metallic rods
Frequency spectrum of periodic arrays of metallic rods
have been investigated in [14, 15] and recently in [16]. It
has been shown that Fano resonances could be associated
with surface waves excited at the interface between cylin-
der and embedding media. To observe them, we consider
the incident wave polarized with magentic intensity Hz
parallel to the cylinders.
We analyze resonant behavior of periodic arrays of thin
metallic rods of radius R = 0.1a. The permittivity of
metal is given by Drude formula with plasma frequency
fp = 1
εm = 1− λ
2
a2
(10)
so that the wavelength corresponding to fp equals to the
spatial periodicity a.
4Owing to dispersion relation of surface waves [26, 27],
we expect a series of Fano bands in narrow frequency
interval below the frequency
√
2/2.
Figure 5 shows the resonances of coefficients α for iso-
lated metallic cylinder. Resonant frequencies fn con-
verge to the limiting value
√
2/2 when n  1. This
confirms that Fano resonances are associated with an ex-
citation of surface waves. The nth resonance is excited
when the wavelength Λ of surface wave fulfills the rela-
tion nΛ = 2piR. With the use of the dispersion relation
for surface waves,
Λ = λ
√
ε
ε+ 1
(11)
it is easy to verify that observed resonant frequencies are
identical with frequencies found from Eq. (11).
The band spectrum of periodic array of thin metal-
lic cylinders is shown in Fig. 6(a). Since all Fano res-
onances are concentrated in a narrow frequency inter-
val 0.69 < f < 0.707, it seems, on the eye, that three
broad frequency bands shown in Fig. 6(a) are periodic
Bragg bands. However, since both the 2nd and the 3rd
bands have a minimum in the X point, we suppose that
they originate from one Bragg band which is splitted into
two bands by Fano resonances, Similar split of Bragg
band has been described in dielectric photonic crystal in
Ref. [11]. To support this conjecture, we shown in Fig.
6(a) the frequency spectrum of periodic array of cylin-
ders with positive dispersive permittivity ε(f) = −εm(f).
Now, since the permittivity is positive, no surface modes
could be excited and we indeed observe an unperturbed
2nd band for f > 0.5.
In the gap between two splitted Bragg bands, 0.67 <
f < 0.71, we observe a series of very narrow Fano bands.
Their frequency can be estimated approximately from
resonances shown in Fig. 5. As an example, we show in
Figure 6(d) the 2nd Fano band associated with the reso-
nance of coefficient α+2 lying in the interval 0.6935 < f <
0.6960. Very narrow 3rd band is also identified at fre-
quency ∼ 0.7026. The width of higher Fano resonances
decreases rapidly. For instance, the width of the 5th Fano
bands located at f = 0.70564832 is only∼ 10−7. We have
no ambition to analyze all these frequency bands numer-
ically, only show in Fig. 7 the distribution of magnetic
intensity Hz calculated for the 5th resonance on an array
of cylinders. As expected, the field is concentrated along
the cylinder surfaces and is small in the center. Higher
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FIG. 5: Resonant behavior of parameters αn for an isolated
metallic cylinder.
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FIG. 6: (a,b) Band structure and the transmission coefficient
of the photonic slab composed from N = 24 rows of metal-
lic cylinders (R = 0.1a). (c) Frequency bands of photonic
crystals composed from cylinders with positive permittivity
ε = −εm = a2/λ2 − 1. (d) Two even Fano bands n = 2 and
n = 3. (e) Transmission coefficient for a plane wave propa-
gating perpendicularly through a linear chain (black line) and
through N = 24 rows of cylinders (red line). Only even Fano
bands are displayed. Odd bands are discussed in Figs. 8 and
9.
resonances at thicker metallic cylinders are discussed in
[16].
Figure 8 presents the transmission coefficient for the
linear chain of cylinders in the vicinity of the third cylin-
der resonance f ≈ 0.70266. Figure confirms that single
resonance observed at isolated cylinder splits to even and
odd resonances in the linear chain of cylinders. Since
each resonance corresponds to Fano band in 2D photonic
crystal, we expect that Fano bands in photonic crystals
appear always in pairs with even lower bands and odd
higher band [16].
Of particular interest are interference effect caused by
overlap of two Fano bands shown in Fig. 9. Since the
even 2nd Fano ban is rather broad, it overlaps over nar-
row odd 2nd band. This can be seen in Fig. 9(a). For
zero incident angle, odd resonance does not couple to
the incident wave [25] and the transmission coefficient ex-
hibits regular frequency dependence typical for transmis-
sion band shown in Fig. 9(b). However, for non-zero in-
cident angle, the transmission is influenced by both even
and odd resonances. Irregular frequency dependence of
the transmission coefficient is typical for interference of
two overlapping transmission bands [11, 12]. An overlap
of two bands is confirmed also by the the change of the
FIG. 7: Field Hz calculated at 5th resonance f = 0.70564832
in linear array of metallic cylinders (R = 0.1a).
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FIG. 8: Transmission coefficient of Hz polarized EM wave
propagating through a linear chain of metallic cylinders cal-
culated in the vicinity of the 3rd resonant frequency 0.70266.
Spatial distribution of the magnetic field shown in the bot-
tom panel confirms the even and odd symmetry of the lower
(a/λ = 0.702639) and the upper (a/λ = 0.702681) Fano
bands, respectively.
symmetry of electric field inside the cylinder when energy
passes across the odd Fano band.
C. Thick Left-handed cylinders
Finally, we consider periodic array of cylinders made
from left-handed material. with frequency dependent
permittivity
ε(f) = 1− 1
f2
(12)
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a /
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FIG. 9: (a) Resonant behavior of coefficients β+2 and β
−
2 for
the linear array of metallic cylinders. (b) Transmission coef-
ficient for photonic slab made from N = 24 rows of metal-
lic cylinders. While the odd resonance does not couple with
perpendicularly incident plane wave, it affects strongly the
transmission when the incident angle is θ = pi/10. Bottom
panel shows the magnetic field Hz inside cylinders for frequen-
cies f = 0.694545, 0.694712, 0.694848, 0.695076 and 0.695273
marked by green circles in panel (b). Note the change of the
symmetry of the field when frequency passes the odd reso-
nance.
and permeability
µ(f) = 1− 0.4 f
2
f2 − f20
(f0 = 0.4). (13)
In the frequency interval 0.4 < a/λ < 0.516 cylinders
behave as a left-handed material with both permittivity
and permeability negative. In the analogy with theory of
photonic crystals, one would expect that periodic array
of such LH cylinders possesses standard band structure.
However, negative values of permittivity and permeabil-
ity allows also excitations of surface wave at the cylinder
surface [18] in a similar way than on metallic rods.
Consider the Ez-polarized incident EM wave, with
electric field parallel to the cylinder surface. It excites the
TE polarized surface waves at the surface of the cylinder.
The wavelength of surface wave λp is given by relation
[27]
Λp
a
=
λ
a
√
µ2 − 1
µ(µ− ε) (14)
Since Λp must be real, surface waves can be excited only
in frequency intervals f < fc1 = 0.416 and f > fc2 =
0.4473. Therefore, similarly to the case of metallic rods,
higher order Fano resonances are concentrated in the nar-
row frequency region where λp is small, namely for fre-
quencies f → 0.4473+ where µ→ −1−.
Figure 10 shows coefficient α for resonances excited at
isolated LH cylinder of radius R = 0.45a. A series of
resonances converging to the frequency fc2 can be easily
identified. Since µ → −1 when f → f+c2, this series is
equivalent to that discussed in ref. [17]. The structure
1
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FIG. 10: Parameters α given by Eq. (1) for an isolated LH
cylinder with permittivity and permeability given by Eqs.
(12) and (13), respectively. Radius of cylinder R = 0.45a.
Surface modes can be excited in two separated frequency in-
terval: The upper interval starts at fc2 = 0.4473 (marked by
red dotted line) where µ = −1. In the lower interval f < fc1,
also a series of Fano resonances, similar to that excited in di-
electrics are visible. Note that in contrast to dielectric and
metallic rods, resonances appear in descending order: higher
order resonances have smaller resonant frequency.
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FIG. 11: Transmission of Ez polarized wave through N = 1
(top) and N = 24 (bottom) rows of LHM cylinders (R =
0.45a). Two intervals where Fano resonances are excited can
be easily identified from irregular frequency dependence of the
transmission coefficient.
of resonances in lower frequency interval reminds reso-
nances on dielectric cylinders shown in Fig. 3. Note that
the permeability µ diverges to negative infinite values
when f → 0.4. Interestingly, Fano resonances appear in
the reverse order: higher resonances are excited for lower
frequency [17].
Figure 11 shows the transmission coefficient of Ez-
polarized wave propagating through linear array of LHM
cylinders of radius R = 0.45a and through a system
of N = 24 rows of cylinders. For higher frequencies
f > 0.47 as well as in the interval 0.41 < f < 0.44
we observe transmission bands typical for dielectric pho-
tonic structures. In the frequency regions where Fano
resonances are excited, we expect the existence of series
of very narrow frequency bands. However, as shown in
Fig. 12, identification of the order of the resonance is
more difficult than in the case of metallic cylinders since
the EM field inside the LH cylinder is given by a super-
position of two or more overlapping resonant modes.
IV. CONCLUSION
Detailed analysis of spectra of Fano resonances is nec-
essary for complete understanding of the frequency and
transmission spectra of photonic structures. Resonances
excited in simple structures – single cylinder, linear array
of cylinders – give rise to frequency bands in two dimen-
sional structures. Such bands can overlap with periodic
Bragg bands which causes various irregularities observed
FIG. 12: Electric field Ez inside cylinders made from LH ma-
terial. Frequency varies in narrow frequency interval between
0.44739 (left) to 0.448738 (right) i.e. slightly above the fre-
quency fc2.
in the transmission spectra of photonic crystals.
The spectrum of Fano resonances can be rather com-
plicated: in dielectric cylinders, incident electromagnetic
wave can excited a series of resonances for each sym-
metry of EM field. In contrast to dielectrics, metallic
cylinder allows resonances associated with surface states.
The richest spectrum of Fano resonances can be found
in structures made from cylinders made from the left-
handed material which combines properties of both di-
electrics and metals.
Excitation of Fano resonances is associated with
strongly inhomogeneous spatial distribution of electro-
magnetic fields in the photonic structure, especially when
higher-order surface modes are excited. Numerical algo-
rithms based either on the discretization of the space
[29] or on the expansion of EM field into Fourier series
[30] are therefore not appropriate for the analysis of such
states. Our methods, based on the expansion of the elec-
tromagnetic field into cylinder eigenfunctions overcomes
this difficulty and is suitable for qualitative and quan-
titative analysis of photonic structures composed from
elements with cylindric symmetry.
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